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. $G_{0}$ , $90=\mathrm{L}\mathrm{i}\mathrm{e}(G_{0})$ ( ) , $\mathfrak{g}=(\emptyset 0)^{\mathrm{C}}$
. $\mathfrak{h}$ $\mathfrak{g}$ , $\Delta,$ $\triangle^{+}$ $(\mathrm{g}, \mathfrak{h})$ ,
. $\mathrm{g}^{\alpha}$ $\mathrm{g}$ $\alpha-$ , $\mathrm{g}^{\pm}=\sum_{\alpha\in\Delta}+\mathrm{g}^{\pm\alpha}$ . $\{\alpha_{1}, \ldots, \alpha_{n}\}$ $-$
, $\{\varpi_{1}, \ldots , \varpi_{n}\}$ .
’
$90=|_{0}+\mathfrak{n}_{0}$ , $\downarrow=(\iota_{0)^{\mathrm{c}}}, \mathfrak{n}^{\pm}=(\mathfrak{n}_{0})^{\mathrm{C}_{\cap \mathrm{g}}\pm}$ , [ $\supset \mathfrak{h}$
. $\Delta_{L}$ [ , $\Delta_{N}^{+}$ $\mathfrak{n}^{+}$ .
$\Delta=\Delta_{L}\cup\Delta_{N}^{+}\cup(-\Delta_{N}^{+})$ . $L$ $(G_{0})^{\mathrm{C}}$ , [ .
$\mathfrak{p}=[+\mathfrak{n}^{+}$ , $\mathfrak{p}l\mathrm{h}\mathrm{g}$ , [ ,
$\mathfrak{n}^{+}$ .
.
(2.1) $[\mathfrak{n}^{+}, \mathfrak{n}^{+}.]=0$ , $\mathfrak{n}^{+}\neq 0$ .
, $i_{0}\in\{1, \ldots , n\}$ $\mathrm{g}^{-\alpha_{i_{0}}}\mathrm{n}\mathfrak{p}=0$
. $(\mathfrak{g}, \mathfrak{p})$ commutative parabolic , , Hermitian sym-
metric . 1 commutative parabolic $(\mathrm{g}, \mathfrak{p})$ $(\mathfrak{g}, i_{\mathit{0}})$
. , \alpha i .
, \S 1 , $-$
, $\mathrm{C}[\mathfrak{n}^{+}]$ b-
. (2.1) , – $-$ $M(\lambda)=$
$U(\mathrm{g})\otimes_{U(\mathfrak{p})}\mathrm{C}_{\lambda}(\lambda\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{p}, \mathrm{C}),$ $\mathrm{C}_{\lambda}$ & $\lambda$ ) ,
. , $M(\lambda)$ b- .
3 Scalar generalized Verma modules
, $M(\lambda)$ .
(2.1) ,
$M(\lambda)$ $=$ $U(\mathfrak{g})\otimes_{U(\mathfrak{p})}\mathrm{C}\lambda=U(\mathfrak{n}-)U(\mathfrak{p})\otimes_{U(\mathfrak{p})}\mathrm{c}_{\lambda}\simeq U(\mathfrak{n}^{-})\otimes_{\mathrm{C}}\mathrm{C}_{\lambda}$
$\simeq$ $S(\mathfrak{n}^{-})\simeq \mathrm{C}[\mathfrak{n}]+$
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$(\mathrm{A}_{n}, r)$ $(n\geq 1,1\leq r\leq(n+1)/2)$
$(\mathrm{B}_{n}, 1)$ $0-\bullet-\cdots-\bullet\Rightarrow\bullet$ $(n\geq 2)$
$(\mathrm{C}_{n}, n)$ $\bullet-\cdots-\bullet\Leftarrow 0$ $(n\geq 3)$














$\lceil\Sigma 1$ : commutative parabolic type
. , – $(\mathfrak{n}^{+})^{*}\simeq \mathfrak{n}^{-}$ . $M(\lambda)$
$\mathrm{C}[\mathfrak{n}^{+}]$ $-$ . , $\lambda\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{p}, \mathrm{C})$ , $\mathrm{C}[\mathfrak{n}^{+}]$ $U(\mathrm{g})-$
. $\Psi_{\lambda}$ : $U(\emptyset)arrow \mathrm{E}\mathrm{n}\mathrm{d}\mathrm{C}[\mathfrak{n}]+$ .
3.1 ([13]) (1) $\{F_{k}\}$ $\mathfrak{n}^{-}$ ,
$\Psi_{\lambda}(X)$ $=$ $X$ $(X\in \mathfrak{n}^{-})$ ,
$\Psi_{\lambda}(X)$ $=$ $\mathrm{a}\mathrm{d}(X)+\lambda(x)$
$=$ $\sum_{k}[X, F_{k}]\frac{\partial}{\partial F_{k}}+\lambda(X)$ $(X\in 1)$ ,
$\Psi_{\lambda}(X)$ $=$
$\frac{1}{2}\sum_{k,l}[[x, Fk],$ $Fl] \frac{\partial}{\partial F_{k}}\frac{\partial}{\partial F_{l}}+\sum k\lambda([x,-F_{k}])\frac{\partial}{\partial F_{k}}$ $(X\in \mathfrak{n}^{+})$ .
, $\Psi_{\lambda}(X)$ $\mathfrak{n}^{+}$ .
(2) \mbox{\boldmath $\lambda$} $\mathrm{A}\mathrm{d}(L)-$ . ,
$\Psi_{\lambda}(\mathrm{A}\mathrm{d}(g)u)=\mathrm{A}\mathrm{d}(g)\circ\Psi\lambda(u)\circ \mathrm{A}\mathrm{d}(\mathit{9}^{-1})$ for all $g\in L,$ $u\in U(\mathrm{g})$ .
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31(1) $X\in$ [ , $\mathrm{C}[\mathfrak{n}^{+}]$ $\Psi_{\lambda}(U(\downarrow))-$ $\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U(\downarrow))-$
– . $\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U(\downarrow))-$ ,
.
32 $\alpha,$ $\beta\in\Delta$ , $\alpha,$ $\beta$ 1 , $\alpha+\beta\not\in\Delta$ $\alpha-\beta\not\in\triangle$ , strongly
orthogonal .
$\Delta_{N}^{+}$ strongly orthogonal , $\gamma_{1},$ $\gamma_{2},$ $\ldots$ (Harish-
Chandra [4] $)$ . , $\gamma_{1}=\alpha_{i\text{ } }$ $\langle$ . $\gamma_{1},$ $\ldots,$ $\gamma_{i}$ ,
{ $\alpha\in\Delta_{N}^{+}|\alpha$ $\gamma_{1},$ $\ldots,$ $\gamma_{i}$ strongly orthogonal}
, lowest $\gamma_{i+1}$ . $\gamma_{i}$
$r$ . $\lambda_{i}=-(\gamma 1+\cdots+\gamma_{i})\in \mathfrak{h}^{*}(i\in\{1, \ldots, r\})$ .
33 $(\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{m}\mathrm{i}\mathrm{d}[11])I_{\mu}$ - , $\mu\in \mathfrak{h}^{*}$
. $\mathrm{C}^{d}[\mathfrak{n}^{+}]$ $\mathrm{C}[\mathfrak{n}^{+}]$ $d$ . ,
$\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{C}\mathrm{H}\mathrm{o}\mathrm{m}\iota(I\mathrm{c}^{d}\mu’[\mathfrak{n}]+)=\{$
1($\mu=k_{1}\lambda_{1}+\cdots+kr\lambda r$ ’
for some $k_{j}\in \mathrm{Z}_{\geq 0},$ $d= \sum_{j}jk_{j}$ )
$0$ (otherwise)
$\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}(k_{j}\in \mathrm{z}_{\geq 0})$ , $I_{\mu}\subset \mathrm{C}[\mathfrak{n}^{+}]$ .
(3.1)
$\mathrm{C}[\mathfrak{n}^{+}]=\bigoplus_{\lambda\mu\in\Sigma_{j}^{\mathrm{r}}=1\geq 0\mathrm{Z}j}I_{\mu}$
, $\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U(.\iota.))-$ . , $\mathrm{C}[\mathfrak{n}^{+}]$ multiplicity free . ,
1 .
4 Contravariant forms (I)
, , , $M(\lambda)$
.
$\mathfrak{g}$ Chevalley basis $\{X_{\alpha}(\alpha\in\triangle), H_{i}(i\in\{1, \ldots, n\}\}$ . ,
$X_{\alpha}\in \mathfrak{g}^{\alpha},$ $H_{i}$ $\alpha_{i}$ }$\backslash$ , , $H_{i}\in[9^{\alpha_{i}}, \mathrm{g}^{-\alpha}i],$ $\varpi_{j}(H_{i})=\delta_{i}i$ .
41 $U(\mathfrak{g})$ .* .
$H_{i}^{*}$ $=$ $H_{i}$ $(i\in\{1, \ldots, n\})$ ,
$X_{\alpha}^{*}$ $=$ $X_{-\alpha}$ $(\alpha\in\Delta_{L})$ ,
$X_{\alpha}^{*}$ $=$ $-X_{-\alpha}$ $(\alpha\in\Delta_{N^{\cup}}^{+}(-\triangle_{N}+))$
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, $\mathfrak{g}$ , , $U(\mathfrak{g})$ .
$.i$
$\emptyset 0$ , $\sqrt{-1}\mathfrak{g}_{0}$ $\mathrm{g}=\mathrm{g}_{0}+\sqrt{-1}\mathfrak{g}_{0}$
.
.
4.2 $(\pi, V)$ $U(\mathrm{g})-$ . $V$ Hermitian form $(, )$ , $\pi(U(\mathfrak{g}))-$
(contravariant sesquilinear form) ,
$(\pi(u)v_{1,2}v)=(v_{1}, \pi(u)*v2)$ $(u\in U(\mathrm{g}), v_{1}, v_{2}\in V)$
.
.
43 $(\pi, V)$ $\mu$ ,
(1) $V$ $0$ , $V\neq 0$ $\mu\in$
$\mathrm{R}\varpi_{1}+\cdots+\mathrm{R}\varpi_{n}$ .
(2) $V$ $0$ – .
(3) $V$ $0$ $V$ – . $\square$
44 , $V$ $U(\mathfrak{g})-$ , $\mathfrak{m}\subset \mathfrak{g}$ , $(, )$ $V$ $\mathfrak{m}-$
. $W_{1}$ $W_{2}$ $V$ $\mathfrak{m}-$ , $(W_{1}, W_{2})=0$
.
$\lambda\in$ R\varpi ’ , 43 , $M(\lambda)$ $0$
$(, )_{\lambda}^{*}$ . $\lambda\in$ R\varpi , . , $\varphi_{\lambda}$ : $U(\mathrm{g})arrow \mathrm{C}$ ,
$U(\mathrm{g})=U(\mathfrak{h})\oplus(\mathfrak{g}^{-U}(\emptyset)+U(\mathrm{g})_{9^{+}})arrow U(\mathfrak{h})$ $\lambda$ : $U(\mathfrak{h})arrow \mathrm{C}$ .
45 $\mathrm{C}[\mathfrak{n}^{+}]$ $\Psi_{\lambda}(U(\mathrm{g}))-$ $(, )_{\lambda}^{*}$
$(f, g)^{*}\lambda=\varphi_{\lambda}(g^{*}f)$ $(f, g\in \mathrm{c}[\mathfrak{n}]+)$
. , $\mathfrak{n}^{+}$ $\mathfrak{n}^{-}$ $(\mathfrak{n}^{-})^{*}$ – , $\mathrm{C}[\mathfrak{n}^{+}]$
$\simeq S(\mathfrak{n}^{-})\subset U(\mathfrak{g})$ – .
, $(, )_{\lambda}^{*}$ $\Psi_{\lambda}(U(9))-$ . (Humphreys [5, \S 6])
$M(\lambda)$ $(, )_{\lambda}^{*}$ .
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46 (1) $\mathrm{C}[\mathfrak{n}^{+}]$ , $(, )_{\lambda}^{*}$ .
(2) $(I_{\mu}, I_{\nu})*\lambda=0$ $(\mu\neq\nu)$ .
(3) $(, )_{\lambda}^{*}$ $\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U(\downarrow))-$ .
. (1) 44 , $V$ $M(\lambda),$ $\mathfrak{m}$ $\mathfrak{h}$ .
(2) 44 , $V$ $M(\lambda),$ $\mathfrak{m}$ [ .
(3) ( 42) , $(, )_{\lambda}^{*}$ $\Psi_{\lambda}(U(\downarrow))--$ . , 3.1 (1)
$X\in$ , $\Psi_{\lambda}(X)=\mathrm{a}\mathrm{d}(X)+\lambda(X)$ , $(, )_{\lambda}^{*}$ $\mathrm{a}\mathrm{d}(U(\mathrm{t}))-$ .
5 Unitarizabilities
, $U(\mathrm{g})-$ , $M(\lambda)$
$L(\lambda)$ .
5.1 $(\pi, V)$ $U(\emptyset)-$ . $V$ $90$ -infinitesimally unitary,
, $V$ Hermitian form $(, )$ ,





$\mathrm{R}$ , $x*=-X(X\in 9\mathit{0})$ . , $(\pi, V)$
, $V$ .
, $M(\lambda)$ — $L(\lambda)$ . $L(\lambda)$
, $\lambda\in$ R\varpi ’ ( $4.3(1)$).
$(, )_{\lambda}^{*}$ , $L(\lambda)$ $(, )_{\lambda}^{*}$ . ,
$(f$ mod $\mathrm{Y}_{\lambda},$ $g$ mod $\mathrm{Y}_{\lambda})_{\lambda}^{*}=(f, g)_{\lambda}^{*}$ $(f, g\in \mathrm{C}[\mathfrak{n}^{+}])$
, $L(\lambda)$ $(, )_{\lambda}^{*}$ . $($ 1 mod $\mathrm{Y}_{\lambda},$ $1$ mod $\mathrm{Y}_{\lambda})_{\lambda}^{*}=1$ , $L(\lambda)$
$(, )_{\lambda}^{*}$ $0$ , 43(3) .
$L(\lambda)$ – ( $4.3(2)$ )
, $L(\lambda)$ , $L(\lambda)$ $(, )_{\lambda}^{*}$
. , $($ 1 mod $\mathrm{Y}_{\lambda},$ $1$ mod $\mathrm{Y}_{\lambda})_{\lambda}^{*}=1$ , $L(\lambda)$ $(, )_{\lambda}^{*}$
. ,
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52 $\lambda\in$ R\varpi ’ . $L(\lambda)$ , $M(\lambda)$
$(, )_{\lambda}^{*}$
6 Contravariant forms (II)
, $M(\lambda)\simeq \mathrm{C}[\mathfrak{n}]+$ 1 , $L(\lambda)$
, . $q_{\lambda}$ \S 9 b-
.
$S(\mathfrak{n}^{+})$ $\mathfrak{n}^{+}$ .
6.1 $P\in S(\mathfrak{n}^{+})$ $\mathfrak{n}^{+}$ $P(\partial)$
.
$P(\partial)\exp\langle_{X}, y\rangle=P(y)\exp\langle x, y\rangle$ $(x\in \mathfrak{n}^{+}, y\in \mathfrak{n}^{-})$ .
, $\langle, \rangle$ , $P(y)$ – $\mathfrak{n}^{+}\simeq(\mathfrak{n}^{-})^{*}$
$S(\mathfrak{n}^{+})\simeq \mathrm{c}[\mathfrak{n}-]$ , $P\in \mathrm{C}[\mathfrak{n}^{-}]$ .
62 $\mathrm{C}[\mathfrak{n}^{+}]$ , $\mathrm{a}\mathrm{d}(U(\downarrow))-$ $(, )$ * ,
$(f, g)^{*}=(g^{*}(\partial)f)(\mathrm{o})$ $(f, g\in \mathrm{c}[\mathfrak{n}]+)$ .
. , .* $\mathfrak{g}^{\alpha}$ $\mathrm{g}^{-\alpha}$ ,
– $S(\mathfrak{n}^{-})\simeq \mathrm{C}[\mathfrak{n}]+$ $g^{*}\in S(\mathfrak{n}^{+})$ .
$(, )$ * .
6.3 (1) $(I_{\mu}, I_{\nu})^{*}=0$ $(\mu\neq\nu)$ .
(2) $(fg, h)^{*}=(g, f^{*}(\partial)h)^{*}$ $(f, g, h\in \mathrm{C}[\mathfrak{n}^{+}])$ .
(3) $d\in \mathrm{z}_{\geq \mathit{0}}$ , $\mathrm{C}^{d}[\mathfrak{n}^{+}]$ $\mathrm{C}[\mathfrak{n}^{+}]$ $d$ , $(-1)^{d}(, )^{*}$
$\mathrm{C}^{d}[\mathfrak{n}^{+}]$ .
. (1) 46(1) .
(2) 62 .
(3) , Chevalley basis , $\langle X_{\alpha}, X_{-\alpha}\rangle=2/(\alpha, \alpha)>0$ . $t_{\alpha}\in \mathrm{z}_{\geq 0}$
$(\alpha\in\Delta_{N}^{+}),$
$d= \sum\alpha\in\Delta+t_{\alpha}N’ k\in \mathrm{C}$ ,
$(-1)^{d}(k \prod_{\alpha\in\Delta_{N}^{+}}xt_{\alpha}-\alpha’\prod_{\alpha\in\Delta_{N}}kXt_{\alpha}-+)^{*}\alpha$ $=$ $(-1)^{d}|k|2( \prod_{\alpha\in\Delta_{N}^{+}}X_{-}^{t_{\alpha}}\alpha)^{*}(\partial)\prod_{\alpha\in\Delta^{+}N}X_{-\alpha}t\alpha(0)$
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$=$
$|k|^{2} \prod_{\Delta^{+}\alpha\in N}X_{\alpha}^{t}\alpha(\partial)\prod_{\text{ }\alpha\in\Delta}X_{-\alpha}t_{\alpha}(\mathrm{o})$
$=$
$|k|^{2} \prod_{\Delta_{N}^{+}\alpha\in}t\alpha!\langle X_{\alpha}, x_{-}\alpha\rangle$
$>$ $0$
(3) .
, $M(\lambda)\simeq \mathrm{C}[\mathfrak{n}^{+}]$ , 2 $(, )_{\lambda}^{*}$ $(, )$ * . $(, )$ *
$\Psi_{\lambda}(U(\mathrm{g}))$ , $(, )$ * $\mathrm{a}\mathrm{d}(U(1))$ . - , 46(3) ,
$(, )_{\lambda}^{*}$ $\mathrm{a}\mathrm{d}(U(\{))-$ , 43(2) $-$ , $(, )_{\lambda}^{*}$
$(, )$ * $M(\lambda)$ $\mathrm{a}\mathrm{d}(U([))-$ ( , $\Psi_{\lambda}(U(\iota))-$ )
. (3.1) $\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U(\mathrm{t}))-$
$\mathrm{C}[\mathfrak{n}^{+}]=\oplus I\mu\in\Sigma j=1\prime \mathrm{z}\geq 0^{\lambda_{j}}\mu$
, $(, )$ * $0$ ,
(6.1) $(, )_{\lambda}^{*}=q_{\lambda}(\mu)(, )^{*}$ on $I_{\mu}\cross I_{\mu}$
$q_{\lambda}(\mu)$ .
64\mbox{\boldmath $\lambda$}\in R\varpi , , – $-$ $M(\lambda)$
$L(\lambda)$ ,
$(-1)^{\mathrm{d}}\mathrm{e}\mathrm{g}I(\mu q_{\lambda}\mu)\geq 0$ for all $\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}$ $(k_{j}\in \mathrm{Z}_{\geq 0})$
. $\deg I_{\mu}=k_{1}+2k_{2}+\cdots+rk_{r}$ , $I_{\mu}$ .
. $M(\lambda)\simeq \mathrm{C}[\mathfrak{n}^{+}]$ $\Psi_{\lambda}(U(l))-$ $\mathrm{C}[\mathfrak{n}^{+}]=\oplus I_{\mu}$ $(\mu=k1\lambda 1+\cdots+k_{r}\lambda_{r})$
, 52 46(2) , $L(\lambda)$
, $\mu$ $(, )_{\lambda}^{*}$ . , 63(3) (6.1)
. $\square$
7 &Functions
\S 6 $(\mu)$ , ( ) b-
, $L(\lambda)$ b- .
, .
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, $b-$ , $\beta$ .
$\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U([))-$ $\mathrm{C}[\mathfrak{n}^{+}]=\oplus I_{\mu}$ $(\mu=k1\lambda 1+\cdots+k_{r}\lambda_{r})$ , $\mu$
$I_{\mu}$ . , $I_{\lambda_{j}}$
$f_{j}$ 1 $(j\in\{1, \ldots, r\}),$ $\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}(k_{j}\in \mathrm{z}_{\geq 0})$ ,
$\sim$
$f_{\mu}=f^{k_{1}\ldots k,}1fr$
. $f_{\mu}$ $I_{\mu}$ .
( $L$ , Ad, $\mathfrak{n}^{+}$ ) , (2.1) , . $\vee\supset$
, $\mathfrak{n}^{+}$ $\mathrm{A}\mathrm{d}(L)-$ . $(L, \mathfrak{n}^{+})$
, $f\in \mathrm{C}[\mathfrak{n}^{+}]$ , Hessian, $\det(\partial^{2}f/\partial x_{i}\partial_{X_{j})}$
$0$ . $f$ , $\chi\in \mathrm{H}\mathrm{o}\mathrm{m}(L, \mathrm{C}^{\cross})$
, $f(gv)=\chi(g)f(v)(g\in L, v\in \mathfrak{n}^{+})$ .
( $L$ , Ad, $\mathfrak{n}^{+}$ ) , $f_{r}$ .
, ( $L$ , Ad, $\mathfrak{n}^{+}$ ) , $\lambda_{r}$ \varpi , ([13]) , $I_{\lambda_{r}}$
$[\mathfrak{l}, []$ trivial . , $\dim I_{\lambda,}=1$ . , $I_{\lambda_{\mathrm{r}}}=\mathrm{C}f_{r}$
, $\mathrm{A}\mathrm{d}(L)f_{r}\in I_{\lambda,}=\mathrm{C}f_{r}$ $f_{r}$ .
( $L$ , Ad, $\mathfrak{n}^{+}$ ) , $f_{r}$ $\chi\in \mathrm{H}\mathrm{o}\mathrm{m}(L, \mathrm{c}^{\mathrm{x}})$
. - , $f_{r}^{*}\in I_{\lambda_{\mathrm{r}}}^{*}\subset S(\mathfrak{n}^{+})\simeq \mathrm{C}[\mathfrak{n}^{-}]$ ( $L$ , Ad, $\mathfrak{n}^{-}$ )
, $\chi^{-1}$ ( $I_{\lambda_{r}}^{*}$ $I_{\lambda,}$ .*
, ) . , $\mathfrak{n}^{+}$
$f_{r}^{*}(\partial)f_{r}$ $\mathrm{A}\mathrm{d}(L)-$ .
, $\mathrm{C}[\mathfrak{n}^{+}]$ $\mathrm{a}\mathrm{d}(U([))-$ multiplicity free , $\mu=k_{1}\lambda_{1}$
$+\cdots+k_{r}\lambda_{r}$ $f_{r}^{*}(\partial)frf_{\mu}\in \mathrm{C}f_{\mu}$ . , $f_{r}^{*}(\partial)frf_{\mu}=b_{r}^{*}(\mu)f_{\mu}$ ,
$k_{1},$
$\ldots$ , $k_{r}$ $b_{r}^{*}(\mu)$ .
, $f_{r}^{*}f_{r}\in U(\mathfrak{g})$ L- , $\Psi_{\lambda}$ $\mathrm{A}\mathrm{d}(L)-$ ,




, $b_{r}^{*}(\mu),$ $\beta_{\lambda,r}^{*}(\mu)$ $\mu\in\sum_{i1}^{r}=\mathrm{C}\lambda_{i}$ ([13, \S 6]).
7.1 $(L, \mathfrak{n}^{+})$ , $b_{r}^{*}(\mu),$ $\beta_{\lambda,r}^{*}(\mu)$ .
$f_{r}^{*}(\partial)frf_{\mu}$ $=$ $b_{r}^{*}(\mu)f_{\mu}$ ,
$\Psi_{\lambda}(f_{r}^{*}fr)f_{\mu}$ $=$ $\beta_{\lambda,r}^{*}(\mu)f_{\mu}$
, $\lambda\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{p}, \mathrm{c}),$ $\mu=k_{1}\lambda 1+\cdots+k\lambda_{r}r(k_{j}\in \mathrm{C})$ .
, $q_{\lambda}(\mu)$ b- , ,
.
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$(f_{\mu}, f_{\mu})^{*}\neq 0$ , $q_{\lambda}(\mu)=(f_{\mu}, f_{\mu})_{\lambda}^{*}/(f_{\mu}, f_{\mu})^{*}$ , $(f_{\mu}, f_{\mu})^{*}$
$(\mu=k_{1}\lambda_{1}+\cdots+kr\lambda_{r})$ .
$(f_{\mu}, f_{\mu})^{*}$ $=$ $(f_{1}^{k_{1}}\cdots f_{r}k_{f}, f_{1}k1\ldots frk,)^{*}$
$=$ $(f_{r}^{*}(\partial)frf^{k}1\ldots f1’-1fr-1rkk,-1, f_{1}k1\ldots fr-1fk_{f}-1k_{p}-1r)*$
$=(b_{r}^{*}(\mu-\lambda_{r})$fl $\ldots f^{k}$kl $f- 1r-1fr’$ f$k_{r^{-1}}$ kl $\ldots f_{r}$l $-1f_{r}k,-1)^{*}k_{f- 1}$
$=$ $b_{r}^{*}(\mu-\lambda r)(f_{\mu}-\lambda r’ f_{\mu-\lambda}f)^{*}$
(71) $=$ $b_{r}^{*}(\mu-\lambda_{r})\cdots b^{*}(r\mu-k_{rr}\lambda)(f\mu-k_{ff}\lambda, f\mu-k_{f}\lambda_{r})^{*}$ .
, $(, )_{\lambda}^{*}$ $\beta_{\lambda,r}^{*}$ .
, $f_{r}$ , ,
$\mathrm{g}$ , b- $\beta$ .
,
$\mathfrak{h}^{-}=\sum_{=i1}^{r}\mathrm{C}H_{\gamma_{i}}$
. , $H_{\alpha}$ $\alpha\in\Delta$ }$\backslash$ . Wallach [14] $i\in\{1, \ldots , r\}$
,





$\mathrm{t}_{i}$ $=$ $[\mathfrak{n}_{i}\mathfrak{n}_{i}+,-]$ ,
$\mathfrak{p}_{i}$ $=$ i $+\mathfrak{n}_{i}^{+}$ ,
$\mathrm{g}_{i}$ $=$ $\mathfrak{n}_{i}^{-}+[_{i}+\mathfrak{n}_{i}^{+}$ ,
$\mathfrak{h}_{i}$ $=$ $\mathfrak{h}\cap \mathrm{g}_{i}$
, $\mathrm{g}$ .
$L_{i}$ $G$ . $(\mathfrak{g}_{i}, \mathfrak{p}_{i})$ com-
mutative parabolic , , ( $L_{i}$ , Ad, n
.
$\{\gamma_{1}, \ldots, \gamma_{r}\}\subset\Delta_{N}^{+}$ , $\Delta_{N,i}^{+}$ strongly orthogonal
, $\{\gamma_{1}|_{\mathfrak{h}\cdot.\gamma_{i}}:’.,|\mathfrak{y}_{:}\}$ .
$\mathrm{C}[\mathfrak{n}_{i}^{+}]$ $\mathrm{a}\mathrm{d}(U(1_{i}))-$ . $f_{j}\in \mathrm{C}[\mathfrak{n}_{j}^{+}]$
( $\mathrm{M}\mathrm{o}\mathrm{o}\mathrm{r}\mathrm{e}[8$ , Theorem 2] ), $\mathrm{C}[\mathfrak{n}_{i}^{+}]$ $f_{\mu}(\mu=k_{1}\lambda_{1}+$
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. . $+k_{i}\lambda_{i}$ ) $\downarrow i^{-}$ , Schmid ( 33) $\mathrm{a}\mathrm{d}(U(1_{i}))-$
$\mathrm{C}[\mathfrak{n}_{i}^{+}]$ , $1_{i^{-}}$ .
.
$\mathrm{C}[\mathfrak{n}_{i}^{+}]=\oplus I\cap \mathrm{C}[\mathfrak{n}^{+}]\mu\in\Sigma^{:}j=1\geq 0\mathrm{z}\lambda_{j}\mu i$
$\mathrm{C}[\mathfrak{n}_{i}^{+}]$ $\mathrm{a}\mathrm{d}(U([_{i}))-$ .
C[n $U(\mathfrak{g}_{i})-$ . $\lambda|_{\mathfrak{p}_{i}}\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{p}_{i}, \mathrm{c})$ –
$-$
$M(\lambda|_{\mathfrak{p}:})=U(\mathfrak{g}i)\otimes_{U(\mathfrak{p}_{i}}{}_{)}\mathrm{C}\lambda|\mathfrak{p}\dot{.}$ , $M(\lambda|_{\mathfrak{p}:})$ $\mathrm{C}[\mathfrak{n}_{i}^{+}]$
, C[n $U(\mathrm{g}_{i})$ . $\Psi_{\lambda|_{\mathfrak{p}_{*}}}$. :
$U(\mathrm{g}_{i})arrow \mathrm{E}\mathrm{n}\mathrm{d}$ C[n . , $\Psi_{\lambda|_{\mathfrak{p}_{i}}}$ $\Psi_{\lambda}$ $U(\mathrm{g}_{i})$
.
, $f_{i}\in \mathrm{C}[\mathfrak{n}_{i}^{+}]$ $\mathrm{A}\mathrm{d}(L_{i})-$ , 7.1 – .
7.2 $i\in\{1, \ldots, r\}$ $\mu=k_{1}\lambda_{1}+\cdots+k_{i}\lambda_{i}(k_{j}\in \mathrm{C})$ , $b_{i}^{*}(\mu),$ $\beta_{\lambda,i}^{*}(\mu)$





; b- $b_{j}^{*}(\mu)$ $\beta_{\lambda,j}^{*}(\mu)$ , , .
, $L(\lambda)$
.
, . , $\mathrm{C}[\mathfrak{n}^{+}]$ $f_{\mu}$
. $X_{\alpha}(\alpha\in\Delta)$ Chevalley basis . $f_{i}$
$(i\in\{1, \ldots, r\})$
(8.1) $f_{i}(X_{\gamma_{1}\gamma}+\cdots+X)f=1$ $(i\in\{1, \ldots, r\})$
. $\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}(k_{j}\in \mathrm{z}_{\geq 0})$ , $f_{\mu}=f_{1fr}^{k_{1}\ldots k_{r}}$
, $f_{\mu}$ .
$\rho_{i}\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{p}_{i}, \mathrm{c})$ $\rho_{i}^{0_{\in \mathrm{c}}}(i\in\{1, \ldots, r\})$
A(X) $=$ $\frac{1}{2}\mathrm{T}\mathrm{r}_{\mathfrak{n}_{*}^{+}}$. $\mathrm{a}\mathrm{d}(x)=(\frac{1}{2}\sum_{\alpha\in\Delta_{N,:}^{+}}\alpha)(X)$ ,
$\rho_{i}$ $=$ $\rho_{i}^{0}\varpi i_{0}$ on $\mathfrak{h}_{i}$
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.( $L$ , Ad, $\mathfrak{n}^{+}$ )
.
81 $([\mathrm{i}3])(\mathfrak{g}, \mathfrak{p})$ commutahve parabolic , $i\in\{1, \ldots, r\},$ $\mu=k_{1}\lambda_{1}+$
. $..+k_{i}\lambda_{i}(k_{j}\in \mathrm{C})$ ,
$\beta_{\lambda,i}^{*}(\mu)=b_{i}^{*}(\mu)b_{i}*(\mu-(\lambda^{\mathit{0}}+\rho i)0\lambda i)$ .
, (8.1) , , ,
. $i=r$
, $i=r$ . , ( $L$ , Ad, $\mathfrak{n}^{+}$ ) , $\mathrm{g}_{r}=\mathfrak{g}$ ,




$\mathfrak{n}^{+}$ . $b_{r}^{*}$ ,r , $\Psi_{\lambda}(f_{r}^{*})\in$
$D_{\mathfrak{n}}+f_{r}^{*}(\partial)$ . $\chi\in \mathrm{H}\mathrm{o}\mathrm{m}(L, \mathrm{C}^{\cross})$ , $f_{r}(gv)=\chi(g)f_{r}(v)(g\in L$ ,
$v\in \mathfrak{n}^{+})$ . , $\mathrm{A}\mathrm{d}(g)f_{r}=\chi^{-1}(g)f_{r}$ . $f_{r}^{*}(\partial)$ $\Psi_{\lambda}(f_{r}^{*})$
$\mathrm{A}\mathrm{d}(g)$ $\chi(g)$ . $D_{\mathfrak{n}}+\simeq \mathrm{C}[\mathfrak{n}^{+}]\otimes S(\mathfrak{n}^{+})=(\oplus_{\mu\mu}I_{\mu})\otimes(\oplus I_{\mu}*)=\oplus\mu,\nu I_{\mu}\otimes I\nu*$
, $\Psi_{\lambda}(f_{r}^{*})=\sum_{\mu,\nu}h_{\mu\nu}(h_{\mu\nu}\in I_{\mu}\otimes I_{\nu}^{*})$ , $h_{\mu\nu}$ l $\mathrm{A}\mathrm{d}(g)$ $\chi(g)$
. $h_{\mu\nu}$ $D_{\mathfrak{n}}+f_{r}^{*}(\partial)$ .
$f_{r}h_{\mu\nu}\in f_{r}I_{\mu}\otimes I_{\nu}^{*}=I_{\mu+\lambda_{f}}\otimes I_{\nu}^{*}$ $\mathrm{A}\mathrm{d}(L)-$ , $I_{\nu}^{*}$
$I_{\mu+\lambda,}$ . , $\mathrm{C}[\mathfrak{n}^{+}]$ multiplicity free , $\mu+\lambda_{r}=\nu$ .
, $I_{\nu}=f_{r}I_{\mu}$ . , $h_{\mu\nu}\in I_{\mu}\otimes I_{\nu}^{*}=I_{\mu}\otimes I_{\mu}^{*}f_{r}^{*}$ , Step 1 .
[Step 2] $\beta_{\lambda,r}^{*}(\mu)=\beta_{-\lambda-2_{\beta_{f}}}^{*},r(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})$
Boe [1] , ([13, (14.1)]) .
$f_{r}^{\lambda+\rho_{f\Psi_{-}}}\lambda-2\rho f(u)=\Psi_{\lambda}(00u)fr\lambda 0+\rho r0$ $(u\in U(\mathfrak{g}))$ .
,
$\beta_{\lambda,r}^{*}(\mu)f_{\mu}$ $=$ $\Psi_{\lambda}(f_{r}^{*})f_{\mu}$
$=$ $fr\lambda-2\lambda^{0_{+\rho_{r\Psi_{-}(f}}}0*\rho fr)f_{r}-\lambda 0-\rho_{\gamma}0f_{\mu}$
$=$ $\beta_{-\lambda-2\rho}^{*}rf’(\mu-(\lambda \mathit{0}0)+\rho r\lambda_{r})f_{\mu}$
, Step 2 .
[Step 3] $\beta_{\lambda,r}^{*}(\mu)=b_{r}^{*}(\mu)b_{r}^{*}(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})$ (up to constant)
Step 1, Step 2 , $b_{r}^{*}(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})|\beta_{\lambda,r}^{*}(\mu)$ . , $k_{1},$ $\ldots$ , $k_{r},$ $\lambda^{0}$
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, $b_{r}^{*}(\mu)$ $b_{r}^{*}(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})$ , $b_{r}^{*}(\mu)b_{r}^{*}(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})|\beta_{\lambda,r}^{*}(\mu)$
.
, $\Psi_{\lambda}(f_{r}^{*})$ 3.1 $2r$ , $\beta_{\lambda,r}^{*}(\mu)$ $k_{1},$ $\ldots,$ $k_{r}$
(total degree) $2r$ . - , $b_{r}^{*}(\mu)$ $k_{1},$ $\ldots,$ $k_{r}$
$r$ ([13, Proposition 10.1]) . , $\Psi_{\lambda}(f_{r}^{*})$ $\lambda^{0}$ $r$ ,-
$b_{r}^{*}(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})$
$\lambda^{0}$
$r$ . , $k_{1},$ $\ldots,$ $k_{r},$ $\lambda^{0}$
, $\beta_{\lambda,r}^{*}(\mu)$ $b_{r}^{*}(\mu)b_{r}^{*}(\mu-(\lambda^{0}+\rho_{r}^{0})\lambda_{r})$ – , Step 3
$\square$
9 Unitarizabilities of $L(\lambda)$
, , $L(\lambda)$ b-
, . , 8.1 b- –
$-$ $M(\lambda)$ ,
.
$\lambda\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{p}, \mathrm{C})$ , $L(\lambda)$ , $\lambda\in$ R\varpi ’
, $\lambda\in \mathrm{R}\varpi_{\text{ }}’ \text{ }$ . , $L(\lambda)$
, 64 ,




, (7.1) . $f_{\mu-k,T}\lambda=f_{1}^{k_{1}\ldots k}f_{r-}’-11$ ,
$(f_{\mu-k_{f}}\lambda_{f}, f_{\mu-}kr\lambda f)*$ $=$ $(f_{r-1}^{*}(\partial)fr-1f\mu-\lambda_{r}-1-k_{f}\lambda" f_{\mu 1}-\lambda’--k’\lambda’)^{*}$
$=$ $b_{r-1}^{*}(\mu-\lambda_{r-1}-k_{r}\lambda_{r})(f_{\mu-\lambda_{f}-}-1k_{r}\lambda r’ f_{\mu-}\lambda_{\mathcal{P}-}1-k\mathrm{r}\lambda,)^{*}$
. , ,
$rk_{i}-1$
$(f_{\mu}, f_{\mu})^{*}= \prod\prod b_{i}^{*}(k1\lambda 1+\cdot;. +ki-1\lambda i-1+j\lambda i)$ .
$i=1j=\mathit{0}$
.
, $f,$ $g\in \mathrm{C}[\mathfrak{n}_{i}^{+}]$ , $(f, g)_{\lambda}^{*}=\varphi_{\lambda}(g^{*}f)$ $g^{*}f\in U(\mathrm{g}_{i})$ , $(, )_{\lambda}^{*}$ ,
$\lambda$
$\lambda|_{\mathfrak{p}:}$ . , $M(\lambda)$ $M(\lambda|_{\mathfrak{p}_{i}})=U(\mathrm{g}_{i^{\wedge}})\otimes u_{(\mathfrak{p}:})$
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$\mathrm{C}_{\lambda|_{\mathfrak{p}:}}$ . ,
$(f_{\mu-k_{ff}}\lambda, f_{\mu k\lambda}-r\mathrm{r})_{\lambda}^{*}$ $=$ $(f_{\mu-k_{rf}}\lambda, f\mu-k_{\gamma}\lambda_{r})^{*}\lambda|_{\mathfrak{p}_{f-1}}$
$=$ $(\Psi_{\lambda|_{\mathfrak{p}_{r-}1}}(f^{*}r-1fr-1)f\mu-\lambda_{r}-1-kf\lambda f’ f_{\mu\lambda}-\lambda_{f}-1-kfr)*\lambda|\mathfrak{p}_{r-}1$
$=$ $\beta_{\lambda,r-}^{*}1(\mu-\lambda_{r}-1-k_{r}\lambda_{r})(f\mu-\lambda_{\mathrm{r}-}1-k_{f}\lambda r’ f\mu-\lambda f-1^{-}k,\lambda f)_{\lambda|_{\mathfrak{p}_{f}}}*-1$
. , ,
$rk_{:}-1$




$\text{ }9.1([13\})\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}(k_{j}\in \mathrm{z}_{\geq 0})$ ,
$q_{\lambda}^{*}( \mu)=\prod_{i=1}^{r}ki-1j=\mathit{0}\prod b_{i}^{*}(k_{1}\lambda.1,\cdot+\cdots+k_{i}-1\lambda i-1+.j\lambda_{i}-(\lambda \mathit{0}\rho_{i}+)0\lambda i)$ .
$q_{\lambda}^{*}(\mu)$ b- . $L(\lambda)$
.
92 $b_{i}(s)=b_{i}(S\lambda_{i})(s\in \mathrm{C}, i\in\{1, \ldots, r\})$ . .
(1) $M(\lambda)$ $L(\lambda)$ .
(2) 45 , $M(\lambda)$ $(, )_{\lambda}^{*}$ .
(3) $\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}(k_{j}\in \mathrm{z}_{\geq 0})$ , $(-1)^{\mathrm{d}\mathrm{e}}\mathrm{g}f\mu q^{*}\lambda(\mu)\geq 0$ .
(4) $\lambda^{0}=a_{i}+1(i\in\{1, \ldots , r\})$ $\lambda^{0}<a_{r}+1$ . $\lambda^{0}$ $\lambda=\lambda^{0}\varpi_{i_{0}}$
, $a_{i}$ , $b_{i-1}(s)$ , – $b_{i}(s)$ .
52 (1) (2) , 64 (1) (3) . (3) (4)
. , , b-
, $b_{i}(s)$ $s$ $i$ , $b_{i}(s)$
.
, $1\leq i<j\leq r$ ,
$c=\#\{\alpha\in\Delta L\mathrm{n}\Delta^{+}; \alpha|\mathfrak{h}-=(\gamma_{j}-\gamma i)/2\}$
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([13, Definition 104], $\mathrm{W}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{h}[15,$ \S 1]) . , $i,$ $j$ ,
$c= \frac{2}{r(r-1)}(\#\Delta_{N,r}^{+}-r)$
( $\mathrm{R}\mathrm{u}\mathrm{b}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{r}-\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}[10$ , Th\’eor\‘em 57] ) .
$i\in\{1, \ldots, r\}$ ,
$\rho_{i}^{0}=\frac{i-1}{2}C+1$
([13, (10.4)1) .
, $i\in\{1, \ldots, r\}$ $d_{i}\in \mathrm{R}_{>\mathit{0}}$
(9.1) $b_{i}^{*}(_{S})=(-1)^{i}di \prod^{i-}j=01(S+1+\frac{j}{2}C)$ ,
([13, Proposition 10 .5, Lemma 13.4]. $\mathrm{R}\mathrm{u}\mathrm{b}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{r}-\mathrm{s}\mathrm{C}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}[10$ , Th\’eor\‘em
$5.7],\mathrm{W}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{C}\mathrm{h}$[ $15$ , Theorem 33] ) .
$\mu=k_{1}\lambda_{1}+\cdots+k_{i}\lambda_{i}(k_{j}\in \mathrm{C})$ ,
$b_{i}^{*}( \mu)=\frac{b_{i}^{*}(k_{1}+\cdots+k_{i})}{b_{i-1}^{*}(k_{1}+\cdots+k_{i})}\cdots\frac{b_{2}^{*}(k_{i1}-+ki)}{b_{1}^{*}(k_{i1}-+ki)}b_{1}^{*}(ki)$
([13, Proposition 10.1, Lemma 134]) . 9.1 ,
$r$ $k_{i}$
(9.2) $q_{\lambda}^{*}( \mu)=(-1)\deg f\mu\prod\prod b^{*}(i\lambda^{\mathit{0}_{-}}(j+ki+1+\cdots+k_{r}))$ ,
$i=1j=1$
.
(3) (4) $\langle$ . (3) , $\mu=k_{1}\lambda_{1}+\cdots+k_{r}\lambda_{r}(k_{j}\in \mathrm{z}_{\geq 0})$
,
$f$ $k_{:}$
$0 \leq(-1)\deg f\mu q\lambda(*\mu)=\prod\prod b_{i}*(\lambda 0_{-}(j+ki+1+\cdots+k_{r}))$
$i=1j=1$
. , $\mu=\lambda_{t}(t\in\{1, \cdots, r\})$ , 0\leq bt*(\mbox{\boldmath $\lambda$}o--l) .
$t\in\{1, \cdots, r\}$ , $b_{t}^{*}(\lambda^{\mathit{0}_{-}}1)\neq 0$ , , $t\in\{1, \cdots, r\}$
,
$0<b_{t}^{*}( \lambda^{\mathit{0}}-1)=(-1)^{t}d_{l}\prod_{j0}^{-}t1=(\lambda^{0}+\frac{j}{2}c)=d_{\iota\prod_{=}^{t-1}(C)}j\mathit{0}-\lambda^{0}-\frac{j}{2}$
, $d_{i}>0,$ $C>0$ , $\lambda^{0}<-(r-1)c/2=a_{t}+1$ . (4)
.
116
, (4) (3) . (9.1), (9.2) , ,
(9.3) $(-1)^{\mathrm{d}} \mathrm{e}\mathrm{g}f\mu q^{*}\lambda(\mu)=\prod_{=i0m}\prod^{r^{-}}r-1ki+1+\cdots+k=01(-\lambda^{0_{-}}\frac{i}{2}c+m)$
. $\lambda^{0}<a_{r}+1=-(r-1)c/2$ , $-\lambda^{0}>(r-1)c/2$ , (9.3)
. (3) .
, $t\in\{1, \cdots, r\}$ , $\lambda^{0}=a_{t}+1$ . , $i\geq t-1$
, $(-\lambda^{0}-iC/2+m)$ (9.3) , $(-\lambda^{0}-(t-1)c/2+0)$
. $0$ (3) .
, (9.3) , $i<t-1$ ,
, (3) .
(1) (4) $\square$
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